A second countable virtually free pro-p group all of whose torsion elements have finite centralizer is the free pro-p product of finite p-groups and a free pro-p factor. The proof explores a connection between p-adic representations of finite p-groups and virtually free pro-p groups. In order to utilize this connection, we first prove a version of a remarkable theorem of A. Weiss for infinitely generated profinite modules that allows us to detect freeness of profinite modules. The proof now proceeds using techniques developed in the combinatorial theory of profinite groups. Using an HNN-extension we embed our group into a semidirect product F ⋊ K of a free pro-p group F and a finite p-group K that preserves the conditions on centralizers and such that every torsion element is conjugate to an element of K. We then show that the ZpK-module F/[F, F ] is free using the detection theorem mentioned above. This allows us to deduce the result for F ⋊ K, and hence for our original group, using the pro-p version of the Kurosh subgroup theorem.
Introduction
The objective of this paper is to give a complete description of a second countable virtually free pro-p group whose torsion elements have finite centralizer. The description is a generalization of the main theorem of [5] , where the result was obtained in the finitely generated case. Note however that finite generation is a rather restrictive condition in Galois theory and that the finite centralizer condition for torsion elements arises naturally in the study of maximal pro-p Galois groups. In particular, D. Haran [4] (see also I. Efrat in [3] for a different * Universidade Federal de Minas Gerais, john@mat.ufmg.br, corresponding author † Universidade de Brasília, pz@mat.unb.br ‡ Research partially supported by the Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) proof, or [2, Proposition 19.4.3] ) proved Theorem 1.1 in the case where G is an extension of a free pro-2 group with a group of order 2.
Our main result is the following: Theorem 1.1 Let G be a second countable virtually free pro-p group such that the centralizer of every torsion element in G is finite. Then G is a free pro-p product of subgroups that are finite or free pro-p.
The proof of Theorem 1.1 explores a connection between p-adic representations of finite p-groups and virtually free pro-p groups. One of the main ingredients of the proof is the following result, which can be considered to be a first step towards a generalization of a remarkable theorem of A. Weiss [13, Theorem 2] to infinitely generated pro-p modules. Theorem 1.2 Let G be a finite p-group and let U be a profinite Z p G-lattice.
Suppose that there is a normal subgroup N of G such that
• The restriction U ↓ N is a free Z p N -module,
• The module U N of N -fixed points is a free Z p [G/N ]-module.
Then U itself is a free Z p G-lattice.
The connection to representation theory cannot be used in a straightforward way, however. Indeed, if one factors out the commutator subgroup of a free open normal subgroup F then the G/F -module one obtains is, in general, not a free module. In order to apply Theorem 1.2, we first use pro-p HNN-extensions to embed G into a rather special virtually free pro-p groupG, in which, after factoring out the commutator of a free open normal subgroupF , the obtained G/F -module is free. With the aid of this module we prove Theorem 1.1 forG and apply the Kurosh subgroup theorem to deduce the result for G.
We note also that the second countability condition is essential: for bigger cardinality the result is not true, a counter example is available in [7, Section 4] . We use notation for profinite and pro-p groups from [9] .
Modules
We prove in this section a detection theorem for infinitely generated profinite permutation modules over finite p-groups. Theorem 2.7 is inspired by Theorem 2 of the article [13] by A. Weiss and our proof follows his closely. The theorems in this section are of independent interest. Let G be a finite group and R a profinite commutative ring. A profinite permutation RG-lattice U is a profinite RG-lattice (that is, a profinite RG-module that is free as a profinite R-module) with a profinite R-basis left invariant under the action of G on U .
A profinite permutation module is an inverse limit of permutation modules of finite rank (this can be seen by applying [9, Lemma 5.6.4 ] to the profinite R-basis of U ), but this does not immediately tell us much about the structure of U from a practical point of view. For instance, there exist profinite modules for finite rings that do not possess indecomposable summands. So before we begin our investigation of permutational Z p G-lattices, we provide the general Theorem 2.2, which tells us in particular that a profinite permutation lattice is simply a product of indecomposable finitely generated permutation lattices.
We fix some notation that will remain in force for Proposition 2.1 and Theorem 2.2. Let R be a commutative local noetherian profinite ring, let G be a finite group and let {M 1 , . . . , M s } be a finite set of non-isomorphic finitely generated indecomposable left RG-modules. Set M = i∈{1,...,s} M i and let E = End RG (M ) be the endomorphism ring of M . The category add(M ) has objects all finite direct sums of direct summands of M and morphisms as in the full module category. The category lim ←− add(M ) has objects all inverse limits of inverse systems in add(M ). The full subcategory Add(M ) of lim
consists of all modules of the form i∈{1,...,s} κi
where κ i is a cardinal number. Finally, denote by Proj(E) the category of profinite projective right E-modules.
The following proposition is dual to [12, Proposition 2.1], but since duality over the given coefficient rings can be rather complicated, we choose to present a direct proof.
Proposition 2.1
The categories Add(M ) and Proj(E) are equivalent.
Proof: We make frequent use of how Hom commutes with limits, products and sums, see [9, Lemma 5.1.4] (or more explicitly, [11, §2.3] ). Throughout, the notation (X, Y ) will be used as short-hand for Hom RG (X, Y ). Define a functor Γ :
is easily seen to be projective. By [9, Lemma 5.4.1], to check the projectivity of (M, U ) we only need to complete diagrams of the form
with the modules X, Y finite, in which case the given map from (M, U ) factors through a finitely generated projective quotient, giving the map we require. We need to show that Γ is essentially surjective and fully faithful.
To see that Γ is essentially surjective, observe that an arbitrary projective E-module has the form P = i κi (M, M i ) by [11, §2.5] . But now
as required.
We demonstrate next that Γ is faithful. We need to show that if α : U i → V is continuous and non-zero (V some other object of Add(M )), then the cor-
an element x of the form (u i ) where u i is 0 for almost all coordinates. Let the non-zero coordinates of x be i 1 , . . . , i n . Now the map
is non-zero since α(x) = 0. Since this leftmost module is a direct sum (coproduct), the corresponding universal property gives that there must be some index (i 1 , say) so that
by construction, and hence Γ(α) = 0. It remains to show that Γ is full. Given γ : (M, U ) → (M, V ), we need to find a continuous map α : U → V such that γ(−) = α • −. We split the work into two cases. Firstly, when R finite and secondly, when R is general. Write
Case 1: Let V be an object of add(M ), hence finite, and fix γ :
In particular, almost all (M, U i ) map to 0 under γ. Denote by 1, . . . , m the indices that don't map to 0 under γ. Restricting γ to this finite sum, we have a map
Now, the version of the result for finitely generated modules (see eg.
[12, Proposition 2.1]) tells us that there is a unique
Extend α ′ to a continuous map α : i U i → V by setting it to be α ′ on 1, . . . , m and 0 elsewhere.
as required. Next let V be an arbitrary object of Add(M ), and write it as V = lim
with the V j objects of add(M ). Again we consider some continuous homomor-
, so by the previous paragraph we have a unique continuous map
Note that for any ρ : M → U we have
so that α j = ϕ jk α k . That is, the α j provide a map of inverse systems U → {V j , ϕ jk }, and hence a unique continuous map α :
This completes case 1. Case 2: Let π generate the maximal ideal of R. We are given γ :
and note that the diagram
commutes. It follows that the α n are a map of inverse systems, so yield a unique continuous map α : U → V . This map has the property that γ = α • −.
Theorem 2.2 The categories Add(M ) and lim
Proof:
is clearly fully faithful, so we need only check that it is essentially surjective. Let U = lim ←− I U i be an object of lim ←− add(M ). Apply the functor Γ = Hom RG (M, −) to the inverse system for U to get an inverse system of projective right E-modules. The inverse limit is (M, U ), which we observed in the previous proof is a projective right E-module. The theorem is now immediate from Proposition 2.1.
Corollary 2.3
Let G be a finite p-group, R a profinite local commutative noetherian ring and let U be a profinite permutation RG-lattice. Then U can be expressed as a cartesian product of cyclic permutation modules
where κ H is a cardinal number.
Proof: There are finitely many isomorphism classes of indecomposable permutation modules (indexed by the conjugacy classes of subgroups of G), so the result follows from Theorem 2.2.
Some notation that will remain in force throughout this section. Given a finite group G with subgroup H, a commutative ring R and a profinite RHmodule V , the profinite RG-module V ↑ G is defined to be RG⊗ RH V , where G acts on the left factor as with the usual induced module, and where "⊗" denotes the completed tensor product [9, §5.5] . The restriction of the RG-module U to RH is denoted U ↓ H . When N is a normal subgroup of G and U is an RGmodule, the R[G/N ]-modules U N , U N denote, respectively, the submodule of N -invariants of U , and the module of N -coinvariants U/I N U of U , where I N is the kernel of the augmentation map ε : RN → R. Proof: The element n∈N n belongs to the centre of RG, hence φ is a welldefined RG-module homomorphism. The kernel of φ clearly contains I N U . We can check the other assertions after first restricting to N . Write U ↓ N as a product of modules of the form RN , indexed by a set I . For a subset X of I let U X be the subproduct of U indexed by X and when Y ⊆ X are finite subsets of I, let ρ XY : U Y → U X be the obvious projection. Restricting the inverse system
N is the component at X of an isomorphism of inverse systems [5, Lemma 4] , and hence φ is an isomorphism.
Let ζ be a primitive pth root of unity and Z p (ζ) the corresponding totally ramified extension of Z p of degree p − 1. Let π be a generator of the unique maximal ideal of Z p (ζ). The following may be viewed as a special case of a generalization of [13, Theorem 3] to infinitely generated modules.
Proof: Let φ : V −→ V /πV be the natural epimorphism. By [9, Proposition 2.2.2], φ admits a continuous section δ : V /πV −→ V with δ(πV ) = 0. Consider a profinite space Ω of free generators of V /πV converging to 0. Put X = δ (Ω). Let A be a free pro-p Z p (ζ)G-module on X and let f : A −→ V be the Z p (ζ)Ghomomorphism induced by sending X identically to its copy in V . Then as a pro-p Z p (ζ)-module, A is free pro-p on the basis GX . Since V /πV is a free F p G-module on Ω, it is a free F p -module on GΩ.
Notice that as Z p (ζ)-modules, the radicals of A, V respectively are πA, πV , and that the mapf : A/πA → V /πV is an isomorphism, so that f is an isomorphism by [14, Lemma 7.4 .4], as required.
As in [13] , a finitely generated generalized permutation Z p (ζ)G-lattice is a finite direct sum of modules of the form ϕ ↑ G , where "ϕ" represents a rank one Z p (ζ)H-lattice, H some subgroup of G, with action from H coming only from a group homomorphism ϕ : H → ζ . A profinite generalized permutation Z p (ζ)G-lattice is an inverse limit of finite rank permutation Z p (ζ)G-lattices. Since G is finite, there are only finitely many isomorphism types of indecomposable finite rank generalized permutation Z p (ζ)G-lattice. Thus, by Theorem 2.2, profinite generalized permutation Z p (ζ)G-lattices are simply products of indecomposable finite rank generalized permutation Z p (ζ)G-lattices.
We give one more technical lemma before proving the main result of this section. Proof: Fix s, suppose that κ s = n for some finite number n and suppose for contradiction that ν s is strictly greater than n. Then, by considering the second decomposition, we obtain a continuous and split projection onto a product of n+1 copies of W s . Let X be the kernel of this projection. Since X is open in W , we can find some cofinite subset I of the indexing set for the first decomposition such that the product Y indexed by I is contained in X. We obtain a continuous surjection W/Y → W/X, which splits since the map W → W/X splits. Thus W/X is a direct summand of W/Y . But the former is a product of n + 1 copies of W s , while the latter has at most n direct summands isomorphic to W s , contradicting the Krull-Schmidt theorem for finitely generated F p G-modules.
Meanwhile, if W s appears infinitely many times in both compositions then κ s = ν s = ℵ 0 since W is second countable.
Theorem 2.7 Let G be a finite p-group and let U be a second countable profinite Z p G-lattice. Suppose that there is a central subgroup N of G of order p such that
Then U itself is a permutation Z p G-lattice.
Proof:
Let N = n . Consider the ideals I N = ker(ε :
Fix an isomorphism ψ : N → ζ . Via ψ we have an isomorphism Z p N/Z p N N ∼ = Z p (ζ), and the above pullback can be expressed as
Apply the functor − ⊗ ZpN U to the above diagram. Since U ↓ N is free, we can write it as an inverse limit of finite rank free Z p N -modules. Since inverse limits are functorial and commute naturally with completed tensor products, the argument in [13] applied to the finite rank quotients shows that our diagram is an inverse limit of pullbacks, and is hence itself the pullback
By Lemma 2.4 we have that U N ∼ = U N , so that U N is a permutation module by assumption, and hence so too is U N .
Thus we have a permutation module U N and a generalized permutation module U/U N , which by Theorem 2.2 are products of indecomposable modules of the same type. The indexing sets of the indecomposable summands of these modules both biject naturally onto corresponding indexing sets of indecomposable summands of U N , and hence by Lemma 2.6 their indexing sets coincide. Now as in [13] , we can write
where ϕ r : G r → ζ is a group homomorphism whose restriction to N is ψ. Let H r = ker(ϕ r ). Again following [13] we obtain that
is a pullback. The product of these pullbacks as r varies is itself a pullback diagram, whose upper left component is the permutation module L = r Z p ↑ G Hr . We want to show that L ∼ = U . The discussion above gives isomorphisms h : Proof: [of Theorem 1.2] Suppose first that N has order p. We maintain the notation from the proof of Theorem 2.7. The second hypothesis implies that U N is a free F p G-module, and now Lemma 2.5 tells us that U/U N is a free Z p (ζ)G-lattice. The argument in Theorem 2.7 thus shows that U is a pullback of free modules (the second countable hypothesis is not required because we do not need to use Lemma 2.6). The result now follows immediately from the uniqueness of pullbacks.
We now proceed by induction on the order of N . Let K be a normal subgroup of G contained as a subgroup of index p in N . The module U K has the properties that
is free by the first paragraph. Since the order of K is less than the order of N , by induction we see that U is free.
HNN-embedding
For the convenience of the reader we recall some concepts and terminology from [6] , adapting the definitions to the category of pro-p groups. Definition 3.1 A boolean or profinite space is, by definition, an inverse limit of finite discrete spaces, i.e. a compact, Hausdorff, totally disconnected topological space. Morphisms in the category of boolean spaces are continuous maps.
A profinite space X with a profinite group G acting continuously on it will be called a G-space. Definition 3.2 An inverse system of finite groups with projective limit G induces an inverse system of the sets of subgroups of the groups in the inverse system, whose limit is the space of closed subgroups of G. If G is virtually torsion free, the subspace Fin(G) of non-trivial finite subgroups of G is closed, hence inherits a natural profinite topology (the subgroup topology). Equipped with this topology, Fin(G) with G acting by conjugation becomes a G-space.
We recall the notion of a pro-p HNN-group as defined in [6] for the pro-C case.
Definition 3.3 A sheaf of pro-p groups (over a profinite space X) is a triple (G, γ, X) , where G and X are profinite spaces, and γ is a continuous map from G onto X, satisfying the following two conditions:
(i) for every x ∈ X, the fiber G(x) = γ −1 (x) over x is a pro-p group;
If there is no danger of confusion we shall write (G, X) instead of (G, γ, X). A morphism of sheaves of pro-p groups (α,ᾱ) :
is commutative and, for all x ∈ X, the restriction α x := α |G(x) of α to the fiber G(x) is a homomorphism from G(x) to H(ᾱ(x)). In the special case when Y = {y} consists of a single element set, we obtain with H := H(y) the definition of a fiber morphism α : G −→ H, of the sheaf G of pro-p groups to the pro-p group H. We shall say that α is a fiber monomorphism if α x is injective for every x ∈ X.
The simplest example of a sheaf of pro-p groups is that of the constant sheaf (G × X, pr X , X), where G is some pro-p group and pr X : G × X −→ X is the projection. For every x ∈ X, the fiber (G × X)(x) = G × {x} is isomorphic to G. Definition 3.4 Given a sheaf (G, X) of pro-p groups, the pro-p product G = x∈X G(x) is a pro-p group G together with a fiber homomorphism υ : (G, X) −→ G, having the following universal property: for every pro-p group K and every fiber homomorphism β : (G, X) → K, there exists a unique homomorphism
When considering free pro-p products, we make frequent use of the following: 
Every finite subgroup of G is conjugate to a subgroup of one of the factors G i .
Next we state the pro-p analogue of the concept of an HNN-group, given in [6] for pro-C-groups. Definition 3.6 Let H be a pro-p group and ∂ 0 , ∂ 1 : (G, T ) → H fiber monomorphisms. A specialization into K consists of a homomorphism β : H −→ K and a continuous map β 1 : T −→ K such that for all t ∈ T and g ∈ G(t) the equality
The pro-p HNN-group is then a pro-p group G together with a specialization (υ, υ 1 ) : (H, G, T ) −→ G, with the following universal property: for every pro-p group K and every specialization (β, β 1 ) : (H, G, T ) → K, there exists a unique homomorphism
such that ωυ 1 = β 1 and β = ωυ. We shall denote the pro-p HNN-group by HNN (H, G, T ). The group H is called the base group, and elements t ∈ T are called the stable letters.
Note that for T a singleton set, identifying G(t) with its image under ∂ 0 and setting f := ∂ 1 , the definition of a pro-p-HNN extension given in [9, Section 9.4] is recovered. By [6, Proposition 9], the pro-p HNN-group G = HNN (H, G, T ) exists and is unique.
A pro-p HNN-group is a special case of the fundamental pro-p group Π 1 (G, Γ) of a profinite graph of pro-p groups (G, Γ) as introduced in [16] . Namely, a pro-p HNN-group can be thought as Π 1 (G, Γ), where Γ is a connected profinite graph having just one vertex.
For the rest of this section let G be a second countable virtually free pro-p group, and fix an open free pro-p normal subgroup F of G of minimal index. Also suppose that the centralizer C F (t) = {1} for every torsion element t ∈ G. Let K := G/F and form the free pro-p product G 0 := G ∐ K. Let ψ : G → K denote the canonical projection. It extends to an epimorphism ψ 0 : G 0 → K, by sending g ∈ G to gF ∈ K and each k ∈ K identically to k, and extending to G 0 using the universal property of the free pro-p product. Notice that the kernel L of ψ 0 is an open subgroup of G 0 and, since L ∩ G = F and L ∩ K = {1}, the pro-p version of the Kurosh subgroup theorem [8, Theorem 4.3] tells us that L is free pro-p. By [9, Lemma 5.6.7] there exists a continuous section F in(G)/G −→ F in(G). Define the subspace Σ of F in(G 0 ) to be the union of the image of this section with the subgroup K. Since by Theorem 3.5 all finite subgroups of G 0 can be conjugated either into G or into K, the natural map F in(G 0 ) −→ F in(G 0 )/G 0 restricted to Σ is a homeomorphism. Define a sheaf (G, Σ) by setting G = {(g, S) ∈ G 0 × Σ | g ∈ S} and defining γ : G −→ Σ to be the restriction to G of the natural projection G 0 × Σ −→ Σ. Define an equivalence relation on Σ by putting S 1 ∼ S 2 if S 1 and S 2 are contained in the same maximal finite subgroup of G 0 . This defines an equivalence relation since maximal finite subgroups have trivial intersection by [5, Lemma 9] , and it is easy to see that ∼ is closed (indeed if K 1 , K 2 are maximal finite subgroups containing S 1 and S 2 respectively and such that K 1 ∩ K 2 = 1, then there is a finite quotient of G 0 where the images of K 1 and K 2 intersect trivially as well). Put T = Σ/ ∼. Given t ∈ T , denote by K t the unique maximal finite subgroup corresponding to t (i.e. if S ∈ Σ is a representative of an equivalence class t then K t is the unique maximal finite subgroup containing S). Let (K, T ) be the subset of
Proof: We show only that K is closed in G 0 × T , since the rest follows easily. Let (g, t) ∈ G 0 × T be such that g ∈ K t . Note that the set of non-trivial torsion elements is closed in G 0 , because they are of bounded order and can not have 1 as an accumulation point since G is virtually torsion-free. Therefore there is an open torsion free subgroup U such that (gU × T ) ∩ K = ∅ as needed.
With notation as above we define the pro-p HNN-groupG = HN N (G 0 , K, T ) by setting ∂ 0 to be the fiber homomorphism that sends each K t identically to its copy in G and setting ∂ 1 (k t ) = ψ(k t ) for every k t ∈ K t . Here G 0 is the base group, the K t are associated subgroups, and T is a set of stable letters in the sense of Definition 3.6.
The objective of this section is to show that the centralizers of torsion elements ofG are finite. It was already proved in [6, Theorem 12] that G embeds intoG and that the torsion elements ofG are conjugate to elements of K (in fact, [6, Theorem 12] has a slightly different statement, namely that the space T is a subspace of Fin(G), but this was not used in the proof). Thus, in the following lemma we need to prove only item (iv), since items (i)-(iii) are the subject of the proof of [6, Theorem 12] . 
where H x , H 0 are free pro-p, therefore the proposition is satisfied, and so we can suppose that K is of order at least p 2 . Let H be a central subgroup of K of order p. Then F ⋊ H satisfies the premises of the proposition and hence F ⋊ H is of the form H ∐ F 1 for some free factor F 1 . Let us denote by bar passing to the quotient modulo the normal closure H G of H in G. By [15, Proposition 1.7] F is free pro-p and Tor(G) = Tor(Ḡ). It follows thatḠ =F ⋊ (K/H) and every torsion element inḠ can be lifted to a conjugate of an element in K. So every torsion element inḠ is conjugate to an element ofK = K/H and we deduce from Theorem 3.5 that H G = Tor(F H) . Thus by the minimality of K we havē
for some free pro-p groupF 0 . Consider U := F/[F, F ] as a Z p K-module and let I H denote the augmentation ideal of Z p H. Since F ⋊ H = H ∐ F 1 = h∈H F h 1 ⋊ H, H acts by permuting the free factors F h 1 , so that U is a free Z p H-module. Passing in Eq.(1) to the quotient modulo the commutator subgroup ofF = (F 0 )Ḡ, one can see using Lemma 4.1 (ii) that U/I H U is a free Z pK -module. Now an application of Lemma 2.4 and Theorem 1.2 shows that U itself is a free Z p K lattice.
By part (ii) of Lemma 4.1, a closed free basis of F 0 /[F 0 , F 0 ] is a free Z p K basis of U ; this follows from the fact that a closed subset of U is a free Z p K-basis if and only if its image in U/I K U is a free Z p -basis.
ConsiderG := K ∐F 0 withF 0 ∼ = G/ Tor(G) , and define a homomorphism φ :G → G by sending K to K,F 0 to F 0 and extending toG using the universal property of the free pro-p product. The images under the Frattini quotient of K and F 0 together generate the image of G (since the image of K is equal to the image of Tor(G) ), and hence G is generated by K and F 0 . Thus φ is an epimorphism. LetF = φ −1 (F ), and note that as the subgroupF ofG is the kernel of a homomorphism onto K that restricts to the identity on K, we havẽ G =F ⋊ K. SinceF ⋊ K = K ∐F 0 = On the other hand from the paragraphs above we know that U is a free module with basis the image of the basis of F 0 in U . Therefore the kernel of φ must be contained in [F ,F ]. But sinceF and F are free this impliesF ∩ ker φ = {1}. Since K ∩ ker φ = {1}, we conclude that φ is an isomorphism, as required.
Proof: [of Theorem 1.1] First formG as described before Lemma 3.8, in order to embed G into a groupG whose finite subgroups have finite centralizers (by Lemma 3.8), and, moreover, which has a single conjugacy class of maximal finite subgroups. By Proposition 4.2 the groupG is of the formG = K ∐ F 0 where K is finite and F 0 is free pro-p. One now deduces the result from the pro-p version of the Kurosh subgroup theorem [8, Theorem 4.3] .
